The measurement of the tunneling time (T-time) in today's attosecond and strong field (low-frequency) experiments, despite its controversial discussion, offers a fruitful opportunity to understand time measurement and the time in quantum mechanics. In addition, as we will see in this work, a related controversial issue is the particulate nature of the radiation. Different models used to calculate the T-time will be discussed in this work in relation to my model of real T-time, Phys. Rev. 92, 052118 (2015), where an intriguing similarity to the Bohr-Einstein photon box Gedanken experiment was found. The tunneling process itself is still not well understood, but I am arguing that a scattering mechanism (by the laser wave packet) offers a possibility to understand the tunneling process in the tunneling region. This is related to the question about the corpuscular nature of light which is widely discussed in modern quantum optics experiments.
ulate nature of the light [21, 22] , since the Einstein hypothesis of the quanta as a carrier of hν based on the Planck hypothesis of the quantization of the energy E = hν. The term photon was given by G. N. Lewis in 1926 [23] , and indeed the corpuscular hypothesis originally stems from Newton. As we will see in this work, the two issues closely appear in today's attosecond experiments (ASEs). Indeed, since the appearance of QM time was controversial, the famous example is the Bohr-Einstein weighing photon box Gedanken experiment (BE-photon-box-GE). In [10] I showed with a simple tunneling model that the tunneling in the attosecond experiment is intriguingly similar to the BE-photon-box-GE, where the former can be seen as a realization to the later, with the electron as a particle (instead of the photon) and an uncertainty in the energy being determined from the (Coulomb) atomic potential due to the electron being disturbed by the field F , instead of (the photon) being disturbed by the weighting process and, as a result, an uncertainty in the gravitational potential [24] , as shown by the famous proof of Bohr (see for example [25] p. 132) to the uncertainty (or indeterminacy) of time in the BE-photon-box-GE [15, 16, 24] .
The T-time and the tunneling process itself in the ASEs are hot debated, and the later is still rather unresolved puzzle.
In the (low-frequency) ASEs the idea is to control the electronic motion by laser fields that are comparable in strength to the electric field in the atom. In today's experiments usual intensities are ∼ 10 14 W cm −2 , for more details we refer to the tutorial [4-6, 26, 27] . In the majority of phenomena in attosecond physics, one can separate the dynamics into a domain "inside" the atom, where atomic forces dominate, and "outside", where the laser force dominates, a two-step semiclassical model, pioneered by Corkum [28] . Ionization as the transition from "inside" to "outside" of the atom plays a key role for attosecond phenomena. A key quantity is the Keldysh parameter [29] ,
where Ip denotes the ionization potential of the system (atom or molecule), ω 0 is the central circular frequency of the laser pulse or the laser wave packet (LWP) and F , throughout this work, stands for the peak electric field strength at maximum, γ K < 1 (field-)ionization happens by a tunneling process (for We pay attention to one important case study in attosecond physics, the T-time measurement in ASE performed by Keller [7] [8] [9] and we will refer to it as the Keller ASE (KASE). In this experiment an elliptically polarized laser pulse is used with ω 0 = 0.0619 au (λ = 736 nm), the ellipticity parameter ǫ = 0.87, while the electric field strengths are in the range F = 0.04 − 0.11 and for He atom Ip = 0.90357 au.
II. THE TUNNELING TIME
Usually the tunneling process in the ASEs is explained by a simple picture, like the one shown in fig 1 for the He atom. It is based on the strong field approximation (SFA)
or Keldysh-Faisal-Reiss approximation [29] [30] [31] ; for an introductory review see [32] . This simple picture is very useful in explaining the experiment, although it is strictly true only in length gauge [33] [34] [35] . Physical quantities are independent of a gauge transformation as long as exact equations (or the same orders of approximation [36] ) are employed. Indeed, the length gauge or the dipole approximation of the interaction Hamiltonian due to the Göppert-Mayer gauge-transformation (when long-wavelength approximation applied) also has the advantage that it leads to an expression for the interaction energy involving mathematical quantities, each of which has a ready physical interpretation [37] .
In the tunneling process in the ASEs, according to the SFA (see also [38] ), the electron tunnels and escapes the barrier region at the exit point x e,+ , see fig 1, with approximately zero kinetic energy, more precisely the electron velocity along the field direction is zero and negligible in the other directions. In [10] (hereafter Kullie model) we showed that the uncertainty in the energy, which is related to the hight of the barrier h B (xm), can be quantitatively discerned from the atomic potential energy at the exit point ∆E ∼| V (xe) |=| −Z ef f /xe | for arbitrary strengths F ≤ Fa, where Z ef f is the nuclear effective charge and Fa = I 2 p /(4Z ef f ) is the atomic field strength [39, 40] [41]. With the TEUR, ∆E · ∆T ≤ 1/2, one obtains the symmetrical (or total) T-time [10] :
where δz = I 2 p − 4Z ef f F . The relation in eq 2, besides the mathematical simplicity, aids a conceptual reasoning [10, 14] and the discussion further below. The physical reasoning of this relation is the following: the barrier itself causes a delaying time τ T ,d , which is the time delay with respect to the ionization at atomic field strength Fa, where the barrier is absent (i.e. the barrier height, the barrier width and δz are zero), it is the time duration to pass the barrier region (between x e,− , x e,+ ) and escape at the exit point x e,+ to the continuum, for more details see [10] . The first term τ T ,i in eq 2 is the time needed to reach the entrance point x e,− from the initial point The T-time is a controversial issue from different points of view, as we will discuss in the following subsections.
A. A real or an imaginary quantity
First, the most reasonable argument is that that T-time is a real quantity, as clarified by Steinberg [17] (chap. 11) and Büttiker [17] (chap. 9), although many authors claim, and it is widely accepted, that it is an imaginary quantity [42, 43] , [44] (and [17] chap. 7). The imaginary tunneling time point of view relies on the fact that the tunneling is classically forbidden. Although that is important, it is not instructive, in the case it obscures an insight and otherwise accessible conceptual understanding [45] . One has to mention that a complex time point of view (i.e. real and imaginary parts) would not change the conclusion of our works, because the crucial point in our discussion is a real part of the T-time. In agreement with the real T-time point of view, with the real time of the FPI description of [9] (although Sokolovski [44] , [17] chap. 7, argued that T-time described by the FPI is imaginary), and the entropic formulation (or the statistical approach) of (real) T-time of Demir [46] , the relation in eq 2 presents a real Ttime model which explains the T-time in KASE in a good agreement with the experimental finding [10, 14] , compare fig 2, 3. Although the model is simple, it is important in the quest to answer the question: how to understand the T-time and tunneling process, the time measurement and the time in quantum mechanics [14] .
Secondly, the treatment in [10, 14] benefits from the internal (intrinsic or dynamical) time point of view (internal clock, [17] chap. 3), this requires one to choose a reference point [2, 13, 24] , which can be at best determined by the (natural) internal properties of quantum mechanical systems (e.g. ionization potential Ip). This is important as it enables one to identify or map the internal delay time (a time interval) as a delay time in an external clock without, certainly, contraction or dilation of the time (scale unity) interval of the clocks (i.e. no effects like in the relativistic theory.) We also note that the internal clock or the intrinsic time point of view is similar to what occurs in special relativity, where a moving particle has its own time in its inertial frame, which differs from the time from the viewpoint of other inertial frames, as discussed in [14] . Finally we mention that some authors [42, 43] use the notation ts = t R + i t T , where ts refers to the solution of the saddle point equation, t R or the real part of ts denoted as the ionization time (after tunneling) and the imaginary part t T as the T-time. The partition of ts this way, in a real part for ionization and an imaginary part for the tunneling, lets some questions be opened. We discus this in the next subsec II B. It is worthwhile to mention (see discussion in [10] ) that in eq 2, δz becomes imaginary δ im,z = i δz (i the imaginary number) for F ≥ Fa and that is the above-threshold region.
B. Many different approaches
The scattering theory concept is widely used to calculate the T-time from the scattering time (for example Büttiker-Landauer or Pollak-Miller time, for details see [49, 50] . However, following Collins [49] this is not justified. Recently Landsman [9] showed that these time approximations are in disagreement with the experimental finding of KASE, and that the FPI with a coarse graining procedure fits well with the KASE measurement data. Collins's most critical point [49] , which addresses the question: how long does it take for an electron to tunnel through a barrier, was the conclusion that the scattering time, defined through the inverse of the transition probability matrix, is not related to the dynamical trans- [49] . A similar point of view was considered by Fock and Krylov [51] , in regards to the lifetime and TEUR, see discussion by Aharonov [52] .
Collins then showed (using a Gaussian wave packet in the simulation), that the phase-time is overall the best one to use when momentum skewing of the initial wave packet is not significant. Unfortunately, in [14] we showed first that the phase time in attosecond experiment leads to the Keldysh time τ K , eq 1 (an approximation that neglects the effect of the core potential, and could be important for the evolution of the wave packet), which is far from the experimental finding [9] .
And second that a time-delay requires us to choose a reference (point); delays in numerical simulation can refer in principle to any arbitrarily chosen reference [2, 14] . Indeed, because τ T,d in Ivanov. The points with error bars are experimental data, green (large circles) from Landsman [9] and the light blue (small circles) from R.
Boge [48] , data kindly sent by A. S. Landsman and R. Boge.
eq 2 presents a delay time relative to the limit at atomic field
,Fa , by subtracting the latter from former we get 
), as discussed in [10] .
This can be seen in fig 2 for Zef f = 1.6875 of Clementi [53] , where Fa ≈ 0.12 au, which has to be chosen in this region and matches the experiment. Zef f = 1.375 of Kullie (Fa ≈ 0.14 au) [54] is the better choice in the region for small field strengths, for detailed discussion see [10] .
In his work [19] , titted the problem of time in quantum mechanics, Bauer mentioned that time interred in the time dependent Schrödinger equation (TDSEQ) has to be identified with a parameter (parametric time tparm) that corresponds to the time coordinate of the laboratory frame of reference as claimed by Briggs [55] . Although τnum differs qualitatively from a τparm (defined below), because it is constructed form the dynamical (internal) time of the systems, it looks to be identical with the parametric time τparm, i.e. one can write of measurement thought by Aharonov [52] , that the time of measurement belongs to the observing apparatus, which has been corrected in his recent work [24] . Note a time interval refers to a clock, which measures the time quantity with respect to a reference point, whereas a time variable denotes a time quantity of any type, see subsec II A 2nd part. And as discussed in [14] perhaps only the classical Newtonian time is a parametric (external non-dynamical) type of time. In fig 3 the experimental data of [48] (light blue) and [9] (green) are displayed, they are from the same set of experimental data, but a renewed calibration procedure of the field strength was used in the later. One sees that the T-time points resulting from numerical integration of the TDSEQ of Ivanov [47] (black squares), lie somehow below the experimental data of [48] , after shifting the experimental data (done by Landsman) one sees that our τnum eq 3, where the inserted F values are taken from the experiment, lies below the experimental data of Landsman [9] in a similar way the points of Ivanov [47] lie below the experimental data of Boge [48] [56] .
Nevertheless, Collins conclusion shows that the usual scattering concepts when used for the ASEs are best suited to the MPI region, where momentum skewing of the electronic wave packet is small [49] , compare subsec II C. Therefore, it is not surprising that Torlina el al, when using ARM (analytical Rmatrix theory) to calculate the T-time in the ASEs (the attoclock), argued that the ARM requires sufficiently thick tunneling barriers [42, 57, 58] . Torlina el al calculated the T-time of the (field-)ionized electron from the ground state of the Hydrogen atom, which is exposed to an attosecond laser pulse [42] .
They also claim that T-time is imaginary (see II A) and no real tunneling delay time is associated with the tunnel-ionization [42] , i.e. for F < Fa, and optical tunneling is instantaneous.
Instantaneous here means that a real T-time is zero, although it should, in fact, represent the time of a real dynamical process and that at the tunnel exit the electron is far from the nucleus, i.e. the tunnel distance is not negligible as confirmed experimentally by [59] . However, it can be easily shown that the request of sufficiently thick tunneling barriers corresponds to the region of small field strength, for which (at optical fre- above, see also [14] . In this case one expects that the phase time of the electronic wave packet, like the phase velocity, has no real physical significance, although it can be viewed as a characteristic of the evolution of the wave packet in the sense described by Messiah [60] , see discussion in [14] .
In depth discussion
A point, which I think is important here, is that the calculations of Torlina el al should be compared with the time-of-arrival ([17] chap 3, [61, 62] ), [63] . The later concerns the subsequent propagation of the tunnel-ionized electron (see below). One notes that in attosecond and strong-field science the (tunnel-)ionization process cannot be understood in its conventional form known in quantum optics [64] . Important here (compare [42] and hence it is reached by a real time, and in the outer region (after x e,+ , where according the SFA the electron is free) the effect of the long range potential decreases rapidly, i.e. the measurement data of [9] corresponds to the crossing of the barrier region (between x e,− and x e,+ )
when the tunneling process occurs [9, 10] , in the length gauge picture.
Our real T-time τ T ,d represents a delay time with respect to the natural reference point (i.e. ionization at the atomic field strength Fa), which is certainly real, since the exit point x e,+ ≥ x e,− > x i (equality for Fa) is real, and quantum mechanically such a tunneling/ionization dynamical time can not be zero or purely imaginary.
And second, the authors of [42] claim that although the measured quantity (the electron momentum) is real, the trajectories in the ARM method are not classical, in the sense that the trajectories have both real and imaginary components all the way to the detector, where they claim that the real part of the trajectory starts near the origin without an explicit definition [65] . This, in turn, shows that in the tunneling process, real and imaginary components of a trajectory and (hence) real and imaginary components of time can exist (quantum mechanically) in both the inside and outside regions (under the barrier and after tunneling, despite the differences in the definition of these regions). Thus the barrier region is not necessary captured solely by an imaginary time component although it is classically forbidden.
This leads to the conclusion, that the partition ts = t R + i t T mentioned above in subsec II A, i.e. an imaginary part t T for tunneling and a real part t R for ionization after the tunneling, is at least not unique if acceptable, apart form the fact that time delay requires one to choose a reference system [14, 27] . This partition is only in line We note that in the PPT model, used by Torlina et al [42] , one defines the inner region through the assumption that the approximate wave function ψ in can be substituted by the (field-free) ground-state wave function [68] . From this one sees that the border between the inner and outer regions in this model is comparable with the entrance point Another reasonable possibility, to adjust the choosing of the initial time, is to consider x e,− as the initial position where the process (of tunneling or ionization) starts (which differs from the interaction instant, the first step see discussion in [10] ) and thus to consider the time to reach x e,− as the initial real time at the peak intensity, and hence i.e. at the start (after the first step [10] , the interaction step) the pointer of the attoclock points at t 0 = τ T ,i . At 
C. The different regimes
Despite the different views concerning the tunneling process, it is still puzzling and rather not well understood. In the SFA one usually assumes a photoelectric effect mechanism or multiphoton absorption (multiphoton processing), it is important in the regime of large Keldysh parameter γ k > 1 and also is the usual process in quantum optics experiments, although in quantum optics (where the field strength is weak) usually an operational point of view is used [71, 72] involved, which means that the electron recoil due to the scattering with LWP, with a drift along the radiation direction [73, 74] . It is worthwhile to mention that even the Compton effect can be explained by a semiclassical nonrelativistic approximation, Schrödinger [75] , see [76] p. 222-225, where the electron is described by a wave function. Indeed, the experimental investigation of [73, 74] showed a type of nonlinear
Compton scattering at high laser intensities, where many photons participate in a single scattering. Theoretically, an earlier work of Eberly [77] proposed an experiment with high photon density ρ L (W att/cm 3 ) in the optical frequency range ω, where the effect to be observed is that the photons of the laser beam interact (collectively) simultaneously with the electron, and
give up momentum and energy to the electron depending on a
This is important because it also brings up the particulate nature of the radiation in the discussion, although Lamb, in a nice paper titled "anti-photon" [21] , concluded and argued to
give up the photon as a particle [It is high time to give up the use of word "photon", and of a bad concept which will shortly be a century old. Radiation does not consist of particles, and the classical, i.e. non-quantum, limit of quantum theory of radiation is described by Maxwell's equations for the electromagnetic fields, which do not involve particles.] Ironically, Einstein himself did not accept wave-particle duality (WPD).
He wrote: this interpretation... (WPD) .. appears to me as only a temporary way out [78] . Although, in the earlier days of quantum mechanics, Duane [79] was able to explain diffraction of x-rays by a crystal in terms solely of their particle aspect.
However, modern experiments of quantum optics have beautifully confirmed the corpuscular character of the photon, Zeilinger [22, 80] . Furthermore, Zeilinger concluded that the results suggest that one has to abandon at least the notion of naïve realism that particles have certain properties that are independent of any observation (pre-existing properties). We will rely on this conclusion of Zeilinger and see that the KASE, is a case (and generally in the ASEs) to realize the existence of a corpuscular property of the (attosecond pulse) radiation, precisely of an attosecond LWP.
III. THE TUNNELING PROCESS
A hallmark of the tunneling regime in strong field ionization is the Keldysh parameter γ K , eq 1. For γ K < 1 it follows that γ K = 2Ip
where ke is the wave vector or the momentum of the electron.
The left hand side of the second inequality of the relation (5) can be interpreted as an average momentum of the laser pulse p L = k L . This leads to the following:
where M L is an "effective" average mass (or simply effective mass), a feature of the whole photonic laser pulse or the LWP, number of photons in the pulse. Similarly, on the particle side a plan matter-wave corresponds to a particle stream and a single particle is described by a matter-wave packet (MWP). At this point I have to stress not to anticipate any possible misinterpretation of my claim in this section. There is no reason to interpret M L (or m ph ) as a mass of a small bullet (pointparticle) or a group of point-particles. However, light quanta or the photon can be considered as a particle in the sense that it shows particle behavior as claimed by Grangier et al [84] .
And according to Compton [85] (see [76] , page 224): one concludes light can also consist of discrete units moving in certain directions, each unit has the energy ω and the impulse ω/c.
Hence for a radiation of LWP with an approximate intensity
Although it is difficult to interpret this relation, but a possible simple interpretation would be, F ph is a limit of the electric field strength (for a fixed circular frequency ω 0 ) for which a LWP can approximately be considered as a single-photon pulse, in the sense that it can show particle behavior. A similar situation when the De Broglie wave length becomes smaller than the geometry of the particle. For the experimental setup of the attosecond experiment, in the optical range, this is a very small value (F ∼ 10 −5 au), the typical field strengths used in the ASEs ∼ 0.01 − 0.11au. In the context of the field quantization, according to Purcell [86] (see [76] , page 153), it makes no difference whether we think of ρ = F 2 as a square of the electric field strength or the photon probability density ρ.
Now we can turn back to eq 5 keeping in mind the above discussion, especially that our concern is the impact of the LWP as a carrier of momentum, when it interacts with the electron, where LWP is a group of light quanta or photons propagating in the vacuum with a speed vc slightly smaller than the speed of light c [82, 83] , and showing a particle-behavior.
Any further interpretation is beyond the scope of this work.
Eq 5 has a simple interpretation in the language of QM, for Nobel-prize lecture), see eq 10 below, where m ph here is usually interpolated as the "motional" mass of the photon [90] .
However, one has to avoid a misinterpretation of m ph because the rest mass of the photon is zero (< 10 −49 g) [81] .
In table I the effective mass M L for a range of intensities used in the ASEs is given. The average number of photons n ph is calculated with the assumption that the laser pulse hits the electron in its ground state orbital (1s for He atom, with the radius re ≈ 1au), with the cross-section Ae = 4πr 2 e = 4π, the area of a sphere of the ground state during the time period of one cycle δte = 1/ 2Ip (i.e. such that the probability amplitude of finding the electron on a spherical shell of the ground state during the time δt is ψ 2 = 1.) The average number of photons is then n ph = (I L /ω 0 )Aeδte. Assuming a photon
Compton scattering, see [90] and [91] , the momentum transmitted to the electron is ∼ ( 
where α = 1/c is the fine structure constant, which is equal to the strength of the interaction of the photon with the electron.
Note that the interaction of an electron with an intense laser field is characterized by (F/ω 0 ) 2 [73] (and ref 10 inside it.)
In eq 9 the quantity p W determines the amount of an average momentum that is transmitted to the electron, and is (depending on the unknown parameter η) much larger than p C of Compton scattering as seen in table I. One notes that in the above consideration p W /p C ∼ n ph −1 (F 2 /ω 3 0 ) = η (δt Ae ω 2 0 (1 + ǫ 2 ) −1 = η · 15.89 (ω 0 , ǫ are given in sec I). It is worthwhile to mention that in strong field experiments, the process of scattering in the tunneling and the MPI regimes are complex and nonlinear [87] . As the process is nonlinear, it is possible that η depends on the mean photon number n ph involved in the interaction (not the total number of the photons of the LWP), which depends on the probability density to find a photon in the interaction volume/area, compare m F ederov 
eq 7, which depends on N .
Hence the determination of a precise value of η needs further investigations, perhaps using wave packet dynamics. Indeed, it will also be fruitful to achieve a Compton-type experiment using strong field attosecond isolated short pulses, e.g.
LWP in the visible light, UV or XUV range. Today the experimentally achievable pulse durations are sufficiently short, about 67 − 130 as [4, 93] . Note eq 9 is related to Up/c, where
Up is the well known Ponderomotive energy and is defined as the cycle-averaged quiver energy of the electron in the laser field. For a free electron Up = χ F 2 ω −2 0 , χ = 1/2 (for linear polarized laser field).
In MPI regime the average photon momentum is not large enough to destabilize the electron in its circular movement, and the electron is captured in a metastable state (by absorbing a photon) with a new wave vector k ′ e < ke and a new oscillation frequency (e.g. ω ′ e = ωe − ω 0 < ωe). In the case of virtual states the electron evolves successively through the virtual states to a final orbital or to the continuum) by absorbing portions of energy (many photons) from the radiation.
Einstein's insight to the Planck hypotheses was to see that absorbing energy from radiation in a quantized form leads to the fact that light implies a quanta (photon), which carries the energy ω 0 , although the MPI process, and the photoelectric effect itself, is not the regime, where the corpuscular property emerges from the radiation or from a laser pulse, i.e. no need for the quantization of the classical electromagnetic radiation (only quantization of the matter) [37] . Similarly the Compton effect can be explained by a semiclassical approximation as mentioned above [75] . In the attosecond experiment we see the advantage that in the same experiment, both properties of the radiation can emerge, the wave property (in MPI regime, no photon-particle concept needed) and the corpuscular property (having particle-behavior) in the tunneling regime. Roughly the range of γ K determines the different regimes. Likewise the DSE with light (Young experiment) is used to prove the wave nature of light and the DSE with matter is used to prove the wave nature of particles. That the KASE (in the tunneling regime) is also a DSE, was discussed in [14] in accordance with the use of the Feynman path integral by Landsman [9] to calculate the T-time. Hence, the wave/particle duality nature of the radiation can be impressively shown in the ASEs such as the KASE, with the caution that the present work presents only a step in this direction, and certainly, the experiment will enlighten and is decisively important to prove our approach.
We discuss this further by drawing the following remarks to our attention.
• The wave packet concept represents an unifying mathematical tool that can cope with and embody nature's particle-like behavior and also its wave-like behavior, Zettili [94] , chap 1.8.
• M L is an effective mass of the LWP, which acts collectively (like a MWP) at a time scale much smaller than 1/ω 0 .
• The corpuscular property can be best judged form the momentum, p photon , p particle = k. For a stream of photons or a plane wave (the "motional" mass of a
where n ph is the average number of the photons. For Clearly this point of view did not contradict the operational point of view, which circumvents the natural (internal) process of detecting the photon. But additionally, the former considers the fact that an instrumental observation, measuring quantities, reflects a certain property as mentioned above [22, 80] , see sec II C last paragraph. The famous DSE shows the wave nature of the particles, the modern quantum optics experiments show the particulate nature of the radiation, and similarly in the KASE-type experiment we encounter the corpuscular property of LWP. In a related issue, as mentioned above, Fedorov [83] showed that the invariant mass of pulses (LWP) eq 7, characterize a global feature of the pulse and is related directly with the propagation velocity of pulses in the vacuum. In the LWP, it is easy to figure out that the average momentum is a collective effect (M L ) and is equivalent to the DSE for particles, in which the collective effect of the particles shows the interference (wave-property) picture on the screen.
Hence the question is, when using a "single-photon" LWP, would it show the same effect (for γ K < 1), and how similar is it to the Compton effect [90] . It is instructive to mention at this point that in 1986 Grangier et al [84] reported a modern laser based version of Taylors experiment [96] . They provide convincing evidence, that with a suitable care one can prepare single-photon states of light. Such photon states, when sent to a beam splitter, display the type of statistical correlations we would expect of particles. In particular the single photon appears to go one way or the other. Yet such single-photon states can interfere with themselves, even when run in "delayed choice" [97, 98] , in a way similar to the particles in the DSE [76] p. 213.
To conclude, the situation in the attosecond experiment, such as the KASE, in which the collective act of the LWP shows (for γ K < 1) a particulate property k L , M L , is similar to the DSE, in which the collective act of the particles shows a wave property, even when the particles are sent to the screen one-by-one [22, 88] . And similarly, in the case of a particulate property for photons [84, 98] (see also [76, 99] p. 153), the interference depends on the number of the photons, even when the field strength is so small that the photons reach the screen only one-by-one.
In the MPI region (γ K > 1), the evolution of the electron wave packet is under intensive research. Unfortunately, the measurements are restricted to the relative delays between two photo-electron wave packets ionized from two different orbitals, for details the reader is kindly referred to the tutorial [27] . One notes that the Keldysh time τ K is large, for in the region of γ K > 1 the field strength of the laser pulse is small and does not disturb the electron heavily, the evolution of the electron's MWP is relatively slow, while for γ K < 1 the electron is enforced to move at a fast time scale τ T,sym (or τ T,d ), see eq 2. Furthermore, in the immediate region γ K ∼ 1, which is narrow [87] (chap 1, p. 2), there is still no clear picture, where both the MPI and tunneling can take place [32, 100] and investigations show that non-adiabatic effects affect the tunneling, i.e. differently from the adiabatic approximation, where the electron sees approximately a static electric field during the ionization process [47, [101] [102] [103] [104] .
Conclusion We have discussed in this work different points in the ASEs, related to the issue of the tunneling time, the tunneling process and wave-matter duality. The tunneling time τ T,d differs from the parametric time, which equals the numerical τnum, which is obtained by the numerical integration of the TDSEQ. We proposed a scattering mechanism of the electron by the laser wave packet in the region of the Keldysh parameter γ K < 1, and argued that the corpuscular nature (particle-behavior) of radiation emerges in this region, similar to the double slit experiments in quantum optics, where the wave-matter duality of radiation and particles is proved. 
The perturbation terms in A1 obey,
where α = 1/c (the fine structure constant), c the speed of light.
Without loss of generality, we can take a 0 =1, and
i.e. for the initial wave packet we set k L = k 
